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region takes a different course depending upon the walls: the
bottom (and top) and inner walls are characterized by a re-
covery in Nu beginning at the midway plane, but Nu of the
outerwall continues to slide with x/D. In the fourth flow (final
centrifugal) regime, all four walls undergo a significant heat
transfer enhancement immediately after the intersection zone,
reaching a maximum, followed by a decline toward the duct
exit. However, one special event is seen to occur near the
duct exit. This appearance of the thermal exit effect brings
the number of thermal flow regimes in the flow network to
five. Note that the monotonically decreasing line represents
the Nu performance in a straight tube with 90-deg sharp-edge
entrance. It is superposed in the figure for comparison. One
additional feature in the fourth thermal flow regime is a zigzag
in the Nu vs x/D curves around two to four times d down-

stream of the midway plane (i.e., flow intersection center) as
seen in Fig. 7. The fluctuation of the Nusselt number of the
bottom wall (Nub) is enhanced by increasing the Reynolds
number. It can be explained by the action of vortices existing
in this region. The same effects of the Reynolds number on
the local Nusselt number also occurred on the inner and outer
walls (not shown). However, the zigzag in Nuin vs x/D curves
is not so evident, and the heat transfer augmentation is caused
by the flow impact on the right wall.

Conclusions
Thermal and hydrodynamic behavior in flow networks have

been brought to light. Discussion is based upon equal flow
rates in both ducts and the intersection angle of 60 deg which
provides the optimal intersection pressure loss. It is disclosed
that the formation of a flow divider in the intersection zone
results in each stream following a curved flow path, shifting
from the left to the right ducts and vice versa. The effect of
a centrifugal force is therefore brought into play in the flow
network. Four hydrodynamic flow regimes are identified
through flow visualization, LDV and pressure measurements.
The mechanisms of heat transfer in each of these four flow
regimes are uniquely different, with an additional feature of
thermal exit effect near the duct outlet.
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Fig. 1 High resolution UV spectra from solid-propellant rocket motor
plume.

from an aluminized solid-propellant rocket motor being fired
in an altitude test cell, the spectra shown in Fig. 1 results.
The continuum on either side of the feature at 262 nm and
the thermal behavior of the radiation in the visible and in-
frared regions suggests that the feature is due to absorption
of a gaseous specie. A quick examination of the predicted
products of combustion of ammonium perchlorate with alu-
minum and hydrocarbon solids, along with a trip through
Pearce and Gaydon's1 atlas of spectra, reveals that the most
likely absorber is aluminum chloride (A1C1). Because of the
small vibrational (—450 cm"1) and rotational (0.25 cm"1)
constants of both A1C1 states, a spectral resolution of about
0.1 nm was required to produce the band structure. The spec-
trum (Fig. 1) shows the expected structure and many of the
bands listed in Pearch and Gaydon are identified.

A1C1 Molecule
Aluminum chloride sublimates at temperatures above 460

K. A calculation of the plume properties using the JANNAF
standard plume flowfield codes2 shows that the solid temper-
atures are always above a minimum of about 600 K so that
the A1C1 is gaseous. Furthermore, the predicted mole fraction
of A1C1 is about 2.6%, and should follow the static pressure.

The molecular constants of the two electronic states, A1U
and J^1^, have been measured by several investigators and
are reported critically by Huber and Herzberg.3 The values
are for A1C135, although A1C137 also naturally occurs; these
two isotopes occur in the ratio 75.5:24.5. The relatively small
vibrational constant of the ground state (480 cm"1) leads to
a vibrational-rotational fundamental at a wavelength of about
21 fmm. (Observation of this LWIR emission band from rocket
plumes has not been reported.) The constants of the Xl%
state have been remeasured recently in the infrared bands,
and improvements in accuracy have been reported. These
data will be introduced subsequently. The rotational constants
for this closely packed molecule are also quite small (—0.254
cm"1), and the overlapping branches make resolution of the
lines near impossible.

The molecular constants for the A1U state used in this state
were taken from Huber and Hertzberg.3 The vibrational cor-
rection to the rotational constant given as footnotes in Ref.
3 are a necessity for proper modeling of this band. Also,
because of the small values of Be, rotational quantum numbers
out to at least 100 must be used at the temperatures of interest.
For the ground electronic state, the latest reported mea-
surements4 use the Dunham expression5 for the sum of the
vibrational and rotational energy

ZYhn(v + -) (J(J + 1)]"
Im \ 2/

(1)

These data were used as an alternate to the older Huber and
Hertzberg3 constants in an attempt to fit predicted and mea-
sured spectra more closely.

Radiative Transfer Model
The preliminary model adopted for this study is illustrated

in Fig. 2. It is supposed that the core of solid particulates
provides a continuum source for transmission through a layer
of gas containing the absorbing A1C1. The continuum radia-
tion from the particulates was curve fit by joining the spectra
at both extremes of the absorption feature and served as a
source for the absorption calculations. The gas layer was con-
sidered uniform for these preliminary calculations, with tem-
perature and number density as parameters. The absorption
spectra were modeled as Voigt lines with the spectrometer
triangular slit function considered to be much greater than a
linewidth.

A complete solution to the monochromatic radiative trans-
fer equation is desired. The equation is written

-~ = SENTOTLf, - SANTOTLfJf, (2)

where

NTOT = total number density of emitter/absorber
L-, = a line shape function
SE = molecular emission strength
SA = molecular absorption strength
If> = spectral radiance [i.e., W(sr-cm2-cm~!)] at wave

number v
x = spatial coordinate within the media

The boundary condition at x = 0 is given in this case by the
fit to the continuum spectra, neglecting the A1C1 absorption
feature; i.e., the continuum background.

Conceptually, the calcuation involves three steps:
1) Determine the positions of all spectral lines. Determine

the A1C1 emission and absorption strengths for each line,
based on rotational and vibrational temperature. This yields
a spectral line atlas of line strengths at the line center wave
number for all lines.

2) Given SA, SE, and NTOT, solve Eq. (2). Here, only one
zone is considered, so that integration of Eq. (2) is simplified.

3) Convolve the result of step 2 for each line with spec-
trometer reponse function. In this case a triangular slit func-
tion suffices, since the actual line width is much smaller than
the instrument monochromatic response function.

Part 1
The strength of each emission line is given by

hcv A Srj» (3)

where
Av,v» = Einstein coefficients6

Sj,r = Honl-London factors5

v = wave number
x(A, v', J ' ) = fractional population of the AlYl state for

the v' and /' level, normalized by the par-
tition function

(4)
8l*xp[-(hc/kT)EA

all
states

where gt is the degeneracy factor of the given state.
The absorption strength is similarly given by

SA = srj. [X(X, v", J") -

with the Einstein B coefficient as

(5)

(6)
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Fig. 2 Physical model of solid-propellant rocket motor plume UV
spectral measurement experiment.

The band strength (or lifetime) of the A1C1 A1U -» X12
(0, 0) transition has been measured7 to be 6.4 x 10~9 s, where
no effort was made to separate the two isotopic states. The
relative band strengths were calculated by Langhoff and
Bauschlicher6 from first principles. They are given as Einstein
coefficients and the relatively strong values for the A.t> = 0
sequence indicate that these will be the most evident in the
structure, which was also reported in the experimental anal-
yses.1 These calculations of band transition probabilities were
made for A135C1 with the assumption that the results are the
same for AFC1.

Energies of excited electronic state are given by the usual
form in terms of the vibrational quantum number v, the ro-
tational quantum number /, and the electronic angular mo-
mentum quantum number A

E(v, J) = Te + G(v) + FV(J) (7)

where Te is electronic state energy and G(v) is the vibrational
state energy given by

G(v) = a)e(v - a)exe(v a)eye(v (8)

and Fv is the rotational energy given by

Fv(J) = BV[J(J + 1) - A2] - DV[J(J + 1) - A2]2 (9)

with

Bv = Be - ae(v '+ i) + a'e(v

Dv = De + pev

a"e(v

For mass A137C1 all constants are modified by the ratio p
= V35/37

£(37) =

« (37) = a(35)p3

With the transition energies defined, line positions are ob-
tained by subtraction

v = E(A, v',J') - E(X,v",J")

A line atlas is built up from these expressions for v' , v" out
to 8, and /', /" out to 200 for both isotopes.

Part 2
The line-by-line model then solves Eq. (2) for each line in

the atlas. A Voigt profile for each line is assumed. The SE
and SA are calculated at 10 spectral frequencies between spec-
tral lines by summing contributions of all relevant lines at that
position. Here vr , v" out to 8, and /', /" out to 200 are used
to generate a large number of stored numbers. Thus, for
20,000 spectral lines, 200,000 radiances and transmittances
are generated. The program also does spatial integration,
although for this use (1 zone), this is trivial.

i i i i i Vi i_i
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Fig. 3 Comparison of computed with measured spectra of SRM plume
radiation at "best fit" conditions.

Part 3
The spectrometer is modeled by a triangle function of 2 A

full width at half-maximum. The convolution of the integral

H(v) = J - x)S(x) dx

is done numerically using the trapezoid rule, where H(v) rep-
resents the instrument reading at v, and S(x) represents the
instrument function.

Results
The approach taken was to vary the vibrational and rota-

tional temperatures, the column density, and the column length
in Eq. (2) until the closest fit to the experimental data was
achieved. The temperature and pressure were varied about
the predicted averages along the column, and the predicted
mole fraction of A1C1 was used initially. It was first necessary
to calculate the constants accurately for each vibrational state
of each of the isotopic molecules. This proved to be very
sensitive in obtaining a fit to the vibrational bandheads. Then,
the number of J values necessary to fit the absorption level
was determined.

After a considerable number of iterations in parameter space,
the best fit (Fig. 3) was obtained using the parameters:

Vibrational temperature = 1000 K
Rotational temperature = 1000 K
Number density = 2.36 x 1016 cm~3

Absorber path length = 5 cm

Here, the spectal match is fair and the overall absorption
matches satisfactorily, so that continued iteration appears un-
warranted.

The final result is reasonable. Because of the high particle
temperature, it is not surprising to have a gas temperature
somewhat larger than predicted (1000 vs 800 K predicted).
Also, because of small particles in the outer gas flow, it is not
surprising that the radiation from the gas layer masks the
absorption at the deepest absorption frequency. One might
expect that an arbitrary shift of the wavelength for the ex-
perimental data would produce a better fit. But, attempts to
make this match were only marginally successful. It must also
be noted that the simple physical model of Fig. 2 cannot be
correct, since the radiation is obviously extended and the A1C1
exists all through the plume. However, the modeling brought
assurance that the absorber was A1C1, and only a slight var-
iation of temperature brought the model results very near the
measured data.
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I. Introduction

N UMERICAL analyses of radiative transfer in partici-
pating media can be very complex due to the long dis-

tance nature of radiative exchange. Computer simulations of
practical situations often require both large computer memory
and long calculation times. Serial processors have been used
extensively for radiative analyses, but simulations can take
hours on powerful machines like the CRAY Y-MP.1

The use of massively parallel machines, e.g., the single-
instruction multiple-data (SIMD) connection machine (CM)
with hypercube interprocessor connectivity, has proven very
effective in simulating large complex systems.2 Calculations
are performed concurrently on tens of thousands of proces-
sors, each associated with memories arranged for efficient
processor-to-processor communication (in contrast to coarse
parallelism, where typically between 2 and 64 processors share
memory). In finite difference and finite-element computa-
tions, each processor is associated with one or more spatial
nodes, allowing all calculations on the data to be carried out
simultaneously. Along with the promise of substantial in-
creases in computational speed, massive parallelism also fa-
vors simpler computational algorithms since programming is
array oriented, as in FORTRAN 90.3
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Radiative computations are particularly well-suited for par-
allel processing. Recently Ho well4 has reviewed the use of
parallel computing for radiative transfer but did not address
the use of massively parallel architectures. Coarse parallelism
has been described for Monte Carlo radiative heat transfer
on an eight-processor ETA-10.5 Hanebutte and Lewis6 used
a CM-2 for simulating radiative transfer in a two-dimensional
enclosure via the discrete ordinates method. Other node-based
radiative transfer solution techniques could also be pro-
grammed for parallel computation.

Typically, only a few hundred nodes are used for radiative
transfer calculations in participating media, since fine-grained
meshes are not required. Since current massively parallel ar-
chitectures employ up to 216 processors, a direct node-to-
processor association would utilize only a small portion of the
computing power available. Not only is it advantageous to
maximally utilize each available processor, but algorithms with
large memory requirements (in which array size exceeds the
memory available to the processors) can be employed since
many parallel machines have virtual processing ability, i.e.,
a single physical processor can act as multiple processors. A
parallel computational scheme in which each processor is as-
sociated with radiative exchange between nodes, and not to
the nodes themselves, would make full use of each proces-
sor. Such an approach corresponds to an exchange factor-
(zonal-) based computation, where both direct and indirect
radiative exchange between surfaces and volumes are calcu-
lated. The simplicity of this method as applied to parallel
computing lies in the formulation of a unified matrix for total
exchange factors. Within this context, parallel computations
are programmed without regard to the dimensionality of the
problem, so the same program can be used for one-, two-, or
three-dimensional geometries. A unified matrix for zone-to-
zone exchange factors has been formulated by Naraghi and
Chung,7 and could be applied directly to parallel computing.
In this work we present a unified matrix formulation for node-
to-node-based radiative exchange in isotropically scattering
homogeneous media using the discrete exchange factor (DEF)
method,8 and compare computational implementation on se-
rial and parallel computing machines.

II. Unified Matrix Formulation
The original formulation of the zone method, developed

by Hottel and Sarofim,9 offered an accurate and versatile
method for radiative transfer analysis when it was first intro-
duced in 1958. Since this time a number of modifications to
this technique have been introduced, expanding the flexibility
of the method for treating practical problems (including ir-
regular geometries, inhomogeneous media, and anisotropic
media), while concurrently simplifying programming. The lit-
erature contains many techniques for simplifying the zone
method; a recent summary of some zone method extensions
can be found in Ref. 10. For the sake of generalization, we
refer to the zone method and its modifications as "exchange
factor" methods, since radiative exchange between distinct
regions can be expressed in terms of exchange factor matrices.
This is an attractive feature of the exchange factor approach
for massively parallel computing, since each matrix element
can be associated to a processor.

A number of formulations have been proposed for ex-
change factor matrices. Noble11 introduced an explicit matrix
formulation for the zone method which significantly simplified
programming. Further reducing programming, Naraghi and
Chung7 formulated a unified total exchange area matrix ZZ
based on Markov chain theory

ZZ = AB[B - zzR]-lzzA
where

(2)


